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Acoustic Attenuation in a Nonunif orm Gas
Containing Droplets

F. A. Lyman* and D.-M. Ghent
Syracuse University, Syracuse, N. Y.

A theoretical study of acoustic attenuation in a nonuniform gas-vapor-droplet mixture is presented. Con-
densation of vapor on the droplets causes temperature and density gradients along the direction of flow, and
these gradients affect the attenuation in sound pressure Sevel experienced by a plane acoustic wave propagating
parallel to the flow. The general equations for unsteady one-dimensional flow of an inviscid gas, which contain
source terms to model the mass, momentum, and entropy changes due to the droplets, are reduced to ordinary
differential equations for the acoustic pressure and velocity fluctuations and for the mean flow variables. These
equations are solved numerically, using explicit expressions for the source terms derived from consideration of
the interaction between the droplets and the gas-vapor mixture. The results show that the attenuation in sound
pressure level in a gas-vapor-droplet mixture with temperature and density gradients may be significantly dif-
ferent from that in a spatially uniform mixture.
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Nomenclature
droplet radius
nmp/p, droplet mass fraction
speed of sound
specific heat of liquid
specific heat of gas-vapor mixture at constant
pressure
binary diffusion coefficient of vapor in gas
force per unit volume exerted on gas by
droplets _
h L / ( R v f p )
latent heat of vaporization
p'u\ sound intensity
imaginary part of ( )

= thermal conductivity of gas-vapor mixture
= UTDO/Cm0, characteristic length
= 10 logjp (7//ret ), intensity level
=20 log 10 (Vp'2/pref), sound pressure level
=20 Iog10 O / w ' ^ / W r e f ) , sound velocity level
= u/c, Mach number of steady flow
- rate of mass addition per unit volume
= (4?r/3)pftf 5 , droplet mass
= k/(pcpD) =TD/TT, Lewis number
- number of droplets per unit volume
= dimensionless acoustic pressure, Eq. (38)
= pressure
= rate of heat addition per unit volume
= gas constant
-real part of ( )
=py /P, vapor mass fraction
- entropy per unit mass
- absolute temperature

- dimensionless acoustic velocity, Eq . (38)
= flow velocity
= molecular weight
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Superscripts
( )
( )'
( ) *
( )
Subscripts
f
/
/
p
ref

SPL
SVL
s
v
0

= distance
= ?lro> T/T0, Tp/Tp0, a/a0. respectively
=p'/uf, acoustic impedance
= attenuation coefficient, dB/m
= coefficients defined by Eqs. (29a,b)
- ratio of specific heats of gas-vapor mixture
=arg(Z), phase angle
=RvH/c,
= ( c p / c f ) ( T / T p ) H
= f p / f
= complex wave number

= acoustic wavelength
= dynamic viscosity of gas-vapor mixture
—x/.L, dimensionless distance
= coefficients defined by Eqs . (30a ,b)
= density
= (Pv/Pv}-(P' /P)
— fnp/6/jrafji, relaxation time for momentum

transfer
= mp /4irapD, relaxation time for mass transfer
=mpcp/4irak, relaxation time for droplet

temperature
—Pvlps* supersaturation ratio
= circular frequency

= mean value over period of acoustic wave
= perturbation quantity
= complex conjugate
= peak value

- final value
= intensity
= value at droplet surface
- droplet
= sound reference quantities (pref =2x 10

sound pressure level
sound velocity level
saturation
vapor
value at jc = 0

Introduction
HE attenuation of sound waves by droplets suspended in
a gas has been the subject of several theoretical15 and
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experimental6'7 investigations. Marble and Candel8 con-
sidered the increased attenuation that would result from
injecting droplets into turbo fan engine inlets and calculated
that the presence of a small concentration (1 to 5% by mass)
of micron-sized droplets would result in attenuation of 1-10
dB/m. However, their calculations were based on theory
developed for a uniform medium. Addition of droplets to a
flowing gas, either by injection or by condensation, will cause
temperature and density gradients, and these gradients will
affect sound propagation. There is some experimental
evidence9'10 that the attenuation in a condensing vapor in duct
or nozzle flows may be greater than predicted by the theory
for a uniform gas.

The present work was undertaken to investigate possible
reasons for this higher attenuation. A theory was developed to
predict the attenuation of a plane acoustic wave propagating
in a one-dimensional steady flow of a gas-vapor-droplet
mixture. Condensation on the droplets causes gradients in
temperature, density, and vapor and droplet concentrations.
The theory allows significant gradients in these quantities,
provided only that their variation over an acoustic wavelength
is not large. In this respect the present analysis differs from
the work of Salant and Toong,] ] who assumed that all steady-
flow variables changed only slightly over an acoustic
wavelength. Also, this paper is concerned with the effect of
the droplets, which act as continuously distributed sources of
mass, momentum, and energy whose magnitudes depend on
the acoustic fluctuations and the gradients in mean flow
properties, whereas in Ref. 11 the source terms were left
unspecified. It is assumed, however, that in the present case
the steady flow is in the low subsonic range and that mean
pressure and velocity gradients are small, so that the theory
applies to low-speed duct flows rather than the high-speed
nozzle flow experiments of Ref. 10.

Theory

Acoustic Equations
The gas-vapor mixture is treated as a perfect gas with

constant specific heats, containing sources of mass,
momentum, and energy, the rates of addition of these
quantities per unit volume being m, f, and q, respectively. The
continuity, momentum, and entropy equations for one-
dimensional unsteady flow of a compressible gas with sources
are linearized in the acoustic velocity and pressure fluc-
tuations u'', p', where u — u(x) +u' (x,t), p=p(x)
+p' (x,t). Furthermore, it is assumed that the Mach number
M—u/c of the steady flow is small, and that u and p vary
little over the wavelength X. The following acoustics equations
result:

du' 1 dp'
dt p dx

J-
P

du' _ m' 7—7 q^
dx p y p

(1)

(2)

The neglected terms are of order Mand M(\/L), where L is
the characteristic length for variation of p. It has not been
assumed that A/7, is small, however; but only that \/L<
M-1.

From Eqs. (1) and (2) one obtains the following equation
for the acoustic intensity I=p 'u':

d/ 7-7.-—-f'u' + -m'p' +
dx p yp-q'P' (3)

Therefore, to this order of approximation, the change in
intensity is due entirely to the interaction of the pressure and
velocity fluctuations u', p' with the in-phase components of
the source terms; there is no energy interchange between the

acoustic wave and the mean flow. In the absence of sources
the intensity would remain constant, although the sound
pressure level would change if there were temperature or
density gradients.

Source Terms
The following expressions8-12'13 are adopted for the source

terms:

= 4irna(PD) [( WV/W) ( p s / p ) -r]

= 4irnak(Tp-T)

(4)

(5)

(6)

Linearizing Eq. (4) in the acoustic fluctuations, assuming
that pD = const and that n and a are unaffected by the sound
wave, we obtain for the steady and unsteady parts of the mass
source terms

m / p = ( f C m / T D ) [ ( l /4>)-

m'/P=(rCm/TD) { (l/-<t>)[(p's/P5\ ~ (

(7)

(8)

Since small particles in a steady flow have negligible slip
except in very large gradient fields such as shock waves, we
may assume up = u, so the steady part of Eq. (5) is zero. The
unsteady part is

/ ' /P=Cm(i / ;-M')/r (9)

The steady and unsteady parts of the entropy source term,
Eq. (6), are, respectively

q/Ppct=(cp/ct)(Tp-T)/TT

q'/Ppc,= (cp/c,)(T'p-T')/TT

(10)

(11)

The source terms involve several variables associated with
the vapor and droplet phases. The appropriate equations for
these variables are12

dr dr m
— +u— = —
dt dx p

/du du

=hLps/R0T2
p

.-q

02)

(13)

(14)

(15)

These are linearized and their steady and unsteady parts
separated. The steady part of Eq. (12) is

dr
u—— = m(l-r)/pdx (16)

while the unsteady part may, with the help of Eq. (16), be
written

(dof _daf\ / - ^ I N \ ^ _ _ ^ L / _- m'
^ dt dx / V p / dx p p

(17)

The second and fourth terms on the left of Eq. (17) may be
neglected if M and M(\/L) are small. But according to Eq.
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(16), the term u ' ( d f / d x ) is at least of the same order as
(m/p)af and must be retained if the latter term is. Equation
(17} is simplified and rewritten as

*Cm(l \] , 7 - r / m ' \ // dr\
— 4- —— I - —1 ] \ a ——— (—— ) = — u I -—— )
a/ rn \<b /J r \ p / V d*/ (18)

Equations (8) and (18) are two coupled equations for a' and
m' /pin terms ofu',p' and/?/. Linearization of the Clausius-
Clapeyron equation [Eq. (15)] gives the following relation
betweenp's andT'p\

Ps/Ps=H(Tp/fp) (19)

Since u ~const and u<^c, linearization of Eq. (13) results in

3upPP -T— = -/ (20)

This, together with Eq. (9) and the fact that up and u' vary as
exp(/o>0 , gives

/' lp = -iuCmu ' I (1 + IWT) (21)

for the momentum source term, a purely local relation in-
dependent of the gradients.

The steady and unsteady parts of Eq. (14) are, respectively,

u^
dx

dT'

(22)

(23)

In obtaining Eq. (23) it was assumed that the droplet mean
temperature gradient is small. This will be shown sub-
sequently.

Equations are also needed for T and F'. These are obtained
from the energy equation of the gas-vapor mixture by
linearizing and assuming as before that p~ const, and M,
M(\/L)<\, with the results

df
u— = q/pcpdx

(24)

where

-l)q'/7p=- Cm [T2u ' +/o>II2 (p'

dr_ r
dx 0'

(28)

(29a)

A =

(3ob)

(30c)

(30d)

(30e)

(300

Equations (27) and (28) contain gradients of the gas density
and vapor mass fraction in the coefficients F / 2 . These
equations may be reduced to the uniform-gas results of
Marble and Candel8 by dropping the latter terms, taking
# = <£ = 1 1 and making further approximations for small Cm. It
should be noted, however, that if the droplets are not in
equilibrium with the vapor, <£?* 1, and the Marble-Candei
approximation is obtained only by making the additional
assumption that &TD/Cm > 1.

Numerical Solutions and Results

Solution for Mean Quantities
The system of ordinary differential equations for f, F,' Tp ,

and a are nondimensionalized by introducing the charac-
teristic length for variation of droplet mass

_a_
a7 ( -^ — -—— — ) = « ' ( - — )+ ——— —\ F v p ' \p dx / y p (25)

y p / vp .c lx / 7

Finally, for the rate of change of the droplet radius we have

d /4ir m
(26)

Combining Eqs. (7, 10, 16, 22, 24, and 26) leads to a set of
four first-order nonlinear ordinary differential equations for
f, F, Fp, and #. Solution of these equations requires
numerical integration, which is described in the next section.
The results provide the* dependence of the coefficients in the
acoustics equations, Eqs. (1 and 2). The acoustics equations
also contain/', m', q', and so far an explicit result has been
obtained only for/', Eq. (21). Expressions for m ' and q' are
obtained by solving Eqs. (8, 11, 18, 19, 23, and 25). Since the
perturbation quantities vary as exp(/wf), these equations
reduce to linear algebraic equations, which are solved for m ',
a', p's, q', Tp and T' in terms of/?' and u'. The expressions
for m ' and q', obtained by straightforward but rather lengthy
calculationst are as follows:

and defining the dimensionless variables J —xlL and

y3 = T p / f p 0 , y4 = a/a0

Since p is assumed constant, P/PO= 1/X2- Equations (7, 10,
16, 22, 24, and 26) may be written as follows in terms of these
variables:

4X2
d?

(31)

(32)

( c p / c t )
*Le

00

(34)

' /P=Cm [TjU'-/wily ( p ' / p ) ] (27) The Lewis number is assumed constant. The supersaturation
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ratio 0 Is a function ofy} and y3 , since

and ps, obtained by integrating the Clausius-Clapeyron
equation for constant hL , is

Ps (O =Ps(0)exv\H0 6-—)]L \ y3 /J

Equations (31-34) were solved numerically by the fourth-
order Runge-Kutta method for the initial conditions .y, (0) = 1
(/ = !,..., 4). Typical results for an air-water vapor mixture
containing droplets are shown by the solid curves in Fig. 1.
The initial vapor mass fraction r~0 was taken as 0.05, which is
larger than the saturation value of 0.0174 corresponding to
the assumed initial temperature of the air-water vapor mixture
(23.1°C) and 1 atm. The initial temperatures of the droplets
and the air-vapor mixture were assumed to be equal in this
case. At first the droplet temperature increases rapidly as the
influx of latent heat from the condensing vapor is utilized to
raise the vapor pressure of the liquid in an attempt to bring it
into equilibrium with the vapor. This occurs in a time of order
TTV or distance %~~O(Cm). Thereafter the droplet tem-
perature remains essentially constant as energy released in
condensation is transferred from the droplets to the gas-vapor
mixture, causing the temperature of the latter to rise. This
process requires a much longer time, of order TD/Cmt or
distance £~ O( 1).

The numerical results indicate that the temperature to
which the droplets rapidly adjust is slightly above the
saturation temperature corresponding to the initial vapor
mass fraction. Since the change in droplet temperature
depends on the initial temperature difference between the
droplets and gas, which is in reality unknown, it is not of great
importance in the present problem. Considerable sim-
plification results if the droplet temperature is assumed
constant and equal to its final value, which is determined by
setting d>>j/d£ = 0 in Eq. (33):

Since y / and ̂ 2 do not differ much from their initial values
when y3 has completed its rapid adjustment, a close ap-
proximation to the final droplet temperature can be obtained
from this equation by taking y2 =y2 = 1. Equation (35) is
solved forx? by iteration because <£ depends ony3. From Eqs.
(31, 32, and 35) we obtain

(36)

which provides a simple relation between the temperature rise
of the gas and the vapor mass fraction. The following relation
between the droplet radius and gas temperature is obtained
from Eqs. (32, 34, 35):

(37)

Substitution of Eq. (37) into Eq. (32) leads to a single first-
order differential equation iny2 which is solved numerically.
The dashed curves in Fig. 1 correspond to the solutions ob-
tained in this manner. The approximate results are in excellent
agreement with the exact solutions of Eqs. (31-34); in fact, the
curves for the gas temperature and density are coincident.
Therefore, the simpler approximate method was used to
calculate the mean quantities needed for solution of the
acoustics equations. These mean quantities are replotted as
functions of the actual distance* in Fig. 2 for u - 100 m/s and

Droplet radius -

—— Exact
— — Approximate

-Vapor mass fraction

.2 .4 .8 1.0 1.2 1.4 1.6 1.8 2.0

Fig. 1 Conditions in nonuniform medium due to condensation of an
initially supersaturated air-water ^apor mixture. AH mean quantities
are normalized by their values at x = 0. Initial conditions Cm0 =0.01,
r() = 0.05, fp0 = f0 = 296.3 K,

Droplet radius

Gas temperature

Gas density

Vapor mass fraction

Fig. 2 Variation of mean quantities with actual distance x. Other
conditions as Fig. 1; initial droplet radius a0 = l /tm; mean flow
velocity u= 100 m/s.

a0 = 1 pirn. In this case their gradients are significant within
about the first 0.3 m. Since u appears only as a propor-
tionality constant in the characteristic length L, results for
other u are easily obtained by rescaling the abscissa,

Solution of Acoustic Equations

The acoustic variables are written

u ' ( x , t ) =

(38a)

(38b)

where p0 is the amplitude of the sound pressure at x = 0.
Substituting Eqs. (21, 27, 28, and 38) into the acoustics
equations [Eqs. (1) and (2)], we obtain the following two
linear ordinary differential equations forP and U:

(39)

dU
~dx (40)

where KO = U/CO. The quantities^, Cm, T, r />2, and n / 2 are
known functions of* which are evaluated from the solutions
for the mean quantities.^ It should be noted that F/ and F2
depend on the gradients of p and r. Equations (39) and (40)
are solved numerically using the fourth-order Runge-Kutta
technique. The boundary conditions require special con-
sideration. Although by definition P(0)= 1, the value of £7(0)
is unknown, except in the trivial case of a uniform medium
without droplets, when it is 1. The other boundary condition

$ Incidentally, the sound speed c is also a function of A", varying as
y'2-
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must be applied at infinity, where the conditions in the
medium are no longer changing. The appropriate condition at
infinity is that the impedance Z—p'!u' approaches the
constant (complex) value appropriate for wave propagation in
a uniform medium. This value of Z, which will be denoted Zf,
is obtained from Eqs. (39) and (40) by setting the coefficients
equal to their final values, taking P> £7ocexp(-/*#), and
solving the resulting homogeneous algebraic equations. The
final values of the mean quantities are actually evaluated at a
finite distance*/ from the origin, so the boundary conditions
are

P(0)=l

= (p0Co/Zf)P(xf)

(41)

(42)

Numerical integration of Eqs. (39) and (40) starting from x = 0
with an assumed value of U(0) sometimes encountered in-
stabilities apparently associated with the incorrect starting
value. It was found that instabilities could be avoided by
backwards integration fromx=xf tox = 0. The integration is
carried out for a trial value of P(xf). Since both starting
conditions at*/ are proportional to this value, and Eqs. (39)
and (40) are linear, the solutions are also proportional to the
assumed P ( x f ) . Therefore, the solution satisfying Eq. (41)
can be obtained by simply dividing the results calculated for
the trial P ( x f ) by the corresponding value of P(0). The
numerical solutions were checked against analytical solutions
available for the special cases of a uniform medium with and
without droplets and were found to be in excellent agreement.

Figure 3 shows the* variation of the acoustic pressure and
velocity fluctuations for a wave propagating in the same
direction as the steady flow of the nonuniform medium whose
properties are given in Figs. 1 and 2. The curves in Fig. 3
represent the real and imaginary parts of P(x) and U(x)
normalized by their values at * = 0. The corresponding am-
plitudes are shown in Fig. 4, along with the normalized in-

1.0

.1 .2 .3 .6 .7 .8 .9 1.0

Fig. 4 Attenuation of acoustic pressure and velocity amplitudes and
intensity. Same conditions as Figs. 1-3.

tensity /(*)//(0), where / is calculated from the numerical
results using the relation

I=p'u' = (p2o/4Poc0) (PU* +P*U) (43)

The pressure, velocity, and intensity are all attenuated, but
unlike the case for a uniform medium, the attenuation of
pressure and velocity are not quite the same.

The difference in attenuation is seen more clearly in terms
of the local attenuation coefficients (dB/m) for intensity,
sound pressure, and velocity§

dL/

dL

(44a)

(44b)

1.0

Fig. 3 Spatial variation of acoustic pressure and velocity in
nonuniform air-water vapor mixture containing water droplets of
initial radius 1 ^m. Frequency 2 kHz; other conditions as in Figs. 1-2.

(44c)

For a uniform dissipative medium these coefficients are
positive constants, and a.} — Q;SPL = <*SVL . Figure 5 shows their
variation with * in the condensing vapor for the same con-
ditions as in Figs. 1-4. The upper set of curves is for the
nonuniform gas-vapor mixture with droplets. The lower set of
curves shows the attenuation coefficients in the same
nonuniform gas without droplets so that the effect of the
temperature and density gradients alone can be seen. In both
cases aSPL is larger and asvi_ is smaller than a/ in the region
where the temperature and density gradients are important.
The difference is not insignificant, since it amounts to about 1
dB/m at * = 0. Since the sound pressure level is the quantity
usually measured in experiments, the fact that «SPL is larger
than «/ is interesting. Another interesting result is that aSpL is
nearly constant throughout the gradient region in the droplet-
laden gas. Also, comparison of the upper and lower sets of
curves indicates that the difference between a spi_> <*/> and
aSvL is due to the gradients, which affect the sound pressure
and velocity more than the intensity. The attenuation in in-
tensity is due mainly to dissipation, gradients having relatively
little effect. In the absence of droplets, a/ —0, whereas in the
condensing droplet-laden gas, a/ increases along the flow as
the droplet mass fraction Cm increases, in this case from 0.01

§OnIy aSPL is in common usage. The intensity attenuation coef-
ficient, which is similar to that defined in Ref. 11, is convenient
because it refers to the decrease in acoustic energy flux. Sometimes an
energy attenuation coefficient CXE is defined by considering the change
in the acoustic energy density E= ('/2) [(/?' ~ ,/pc2) +pu' 2 j , but this is
not useful here. In general aE^af, for even when the relation
u' — p'/pc is approximately satisfied, so that /=£c, the variation of
the sound speed causes them to differ.
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E
CO

o
u. 2

Z
O

Non-uniform gas with droplets

L Non-uniform gas without droplets

obtain the following relation between CXSPL and af:

.9 1.0

Fig. 5 Attenuation coefficients for sound pressure level, intensity,
and sound velocity level. Same conditions as Figs. 1-4.

to
p(x)c(x)

PoCo

-Phase angie, 8, degrees

.3 .4 .5 .6 .7 .8 .9 1.0

x , m

Fig. 6 Modulus and phase angle of impedance. Same conditions as
Figs, 1-5.

to 0.0175. This increase in Cm more than offsets the tendency
of a/ to decrease with increasing droplet size.

The following result, which exhibits more clearly the
dependence of the various attenuation coefficients on the
gradients, is obtained from Eqs. (3, 21, 27, and 28):

i = 4.343Cm( -

(45)

Gradients appear explicitly only through the quantities Tl>2 in
the first term of this equation. This term is, however, usually
smaller than the other terms. In fact, for the conditions of
Figs. 1-5, it was found to be completely negligible. It has a
perceptible effect only at low frequencies and low mean
velocities. For example, at a frequency of 500 Hz and u = 30
m/s, other conditions being the same, its effect is to decrease
a i by about 0.3 dB/m. If this term is neglected, the only
remaining effect of gradients is on the impedance Z, which
must be obtained by solving Eqs. (39) and (40).

The amplitude and phase of the impedance are plotted as
functions of x in Fig. 6, from which it is clear that the im-
pedance is approximately equal to p(x)c(x). With this ap-
proximation and neglect of the gradient terms, Eq. (45)
becomes the same as the expression that would be obtained by
assuming a quasiuniform medium and evaluating a/ (x) for
the local conditions prevailing at each value of x. No such
local relations can be derived for the attenuation coefficients
for sound pressure and velocity, because the gradients directly
affect the quantities through their influence on the im-
pedance. In fact, eliminating U from Eq. (43) by introducing
the impedance Z= !Zlexp(/5) and using Eqs. (44a, b), we

=ot/ — 4.343
\\Z\IZI dx

-htan6— }dx/ (46)

Since d is small, most of the difference between Q!SPL and a/ is
due to thex variation of IZI caused by the axial temperature
gradient. Thus, for small Cm and small gradients reasonably
accurate results may be obtained by calculating a/ from Eq.
(45) neglecting the F/ — F2 term and taking Z= p ( x ) c ( x ) , and
then determining Q:SPL from Eq. (46) assuming 6 = 0. The
validity of this approximation of course depends on the
smallness of the gradient term compared to the other terms in
Eq. (45), which in turn requires that X/L<^1. When this
condition is not satisfied it is necessary to use the full theory
for accurate results.

Conclusions
A theory has been developed to predict acoustic attenuation

in a flowing gas-vapor mixture in which condensation onto
suspended droplets causes gradients in temperature and
density along the direction of flow. The theory shows that
these gradients affect acoustic attenuation in two ways. First,
they cause changes in the acoustic impedance of the medium
which affect the sound pressure level but have relatively little
effect on the sound intensity. Second, gradients influence the
mass and heat transfer between the droplets and the gas-vapor
mixture and therefore alter the dissipative processes which are
responsible for attenuation of sound intensity. As a result, the
attenuation of sound pressure level and intensity are not the
same in a nonuniform medium. In a condensing vapor the
attenuation of sound pressure level is greater than that of
intensity. Calculations show that the corresponding at-
tenuation coefficients differ by almost 1 dB/m in the region
where the gradients are largest, but the difference rapidly
diminishes as the gas-vapor mixture approaches uniform
conditions, so the overall difference in attenuation is smaller.
The effect of gradients on attenuation of sound pressure level
is mainly due to the change in impedance. Their direct effect
on the dissipative process is small except at low frequencies,
when the acoustic wavelength is of the same order as the
characteristic distance for variation of the gas density and
temperature.
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